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Abstract

In this work we study the dissipative dynamics of a system of smooth hard spheres with a constant restitution coefficient

and small number of particles in the homogeneous cooling regime. We focus on the velocity distribution from simulations in

the molecular dynamics approach. The main goal of this paper is to study the multiple dependence of these stationary states

on the number of particles, density regimes and boundary conditions for a fixed restitution coefficient and the existence of a

limit state in the thermodynamic limit. For this we present a methodology based on the application of the characteristic

function technique and the W function, introduced by Lévy to measure the distance of distributions from the Gaussian.
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1. The physical system description and their simulation

We consider a three-dimensional system composed by N hard spheres with diameter a and unit mass in a
cubic box of unit volume. The particles interact through instantaneous collisions with a constant restitution
coefficient a [1,2]. Only the change in the relative velocity along the radial direction of a collision is considered
here for the energy decrease of the system. We are interested essentially in small systems in the homogeneous
cooling state (HCS) [1,2], in such a way the number N of particles is at most of the order 103.

The simulations are performed using an event-driven molecular dynamics algorithm [3], with two distinct
boundary conditions: periodic and reflexive. Throughout the paper all length measures are given in units of the
box size, including the particle diameter and the mean free path which become dimensionless. The initial
conditions is imposed to be spatially homogeneous and the initial velocity distributions is chosen in a class of
non-Gaussian distributions given by a truncated Lévy distribution:

f ðxÞ ¼
1

2 arctanðLÞ

1

1þ x2
if � LpxpL and f ðxÞ ¼ 0 otherwise, (1)

where the parameter of truncation L defines the distribution inside the class.
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Each system will be characterized by a specific boundary and by three parameters: the number of particles
N, the restitution coefficient a, and d ¼ Na2, a dimensionless factor related to the normalized mean free path
given by l0 ¼ 1=

ffiffiffi
2
p

pNa2. Hence, a fixed value for d ¼ Na2 is equivalent to an inferior boundary for the
normalized mean free path.

2. The characteristic function and the Lévy’s W function

The characteristic function (CF) cðzÞ associated to the reduced variable x̄ is defined as the mean
hexpðix̄zÞi ¼ ð1=NÞ

PN
j¼1 expðizx̄jÞ where N is the number of elements of the sample. The CF is interesting

because it possess, in each point, global information about the distribution function. In this way, it allows the
calculus of the distribution with high degree of accuracy, even in the points that the particle density is very
low, as in the tails.

The French mathematician Paul Lévy [4] demonstrated that any CF associated to a reduced variable
can be written as cðzÞ ¼ expð�z2=2ð1þW ðzÞÞÞ where the complex valued function W ðzÞ, in the following
called Lévy’s W function, is a continuous function in an open interval ��ozo� and such that W ð0Þ ¼ 0. The
Gaussian distribution is characterized by W ðzÞ ¼ 0 for all z. Here, we will consider as reduced random
variable cx ¼

ffiffiffi
2
p

vx=v0ðtÞ, where vx is the x-component of the velocity vector v and v0 is the thermal velocity.

3. Simulation results

The first question to be dealt with refers to the convergence of the initial distributions to well-defined
stationary states. We implement simulations with the following fixed parameters: number of particles
N ¼ 256, restitution coefficient a ¼ 0:1 and d ¼ 0:7 and 1.0, both for reflexive and periodic boundaries. In
Fig. 1a we show the W function corresponding to four initial conditions (L ¼ 0:1; 6:0; 12:0 and 40.0). Fig. 1b
shows the W function for the asymptotic stationary state corresponding to periodic and reflexive boundaries.
The figures show the existence of different non-Gaussian asymptotic stationary distributions.

It is important to observe the difference amongst the asymptotic distributions for different boundary
choices. The simulations demonstrate that the imposed boundary conditions actually guide the system to
different asymptotic distributions, even though all the other parameters of the system are identical.

Another observation refers to the influence of the parameter d. For each value of d a different asymptotic
state is obtained, even though the other parameters, N and a, and the boundary conditions remain identical.
We observe this in Fig. 2 where in each case there is a different asymptotic distribution for d ¼ 0:7 and d ¼ 1:0,
both for reflexive and periodic conditions. Simulations carried out with different restitution coefficients show
that these features are valid for all range of inelasticities ð0oao1Þ.
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Fig. 1. (a) The function W ðz; 0Þ corresponding to four initial conditions (L ¼ 0:1; 6:0; 12:0 and 40.0). (b) The asymptotic W ðzÞ function

evolved with periodic and reflexive boundaries. For the simulations N ¼ 256, d ¼ 0:7 and a ¼ 0:1.
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The simulations demonstrate that the asymptotic velocity distributions are strongly dependent of the
number N of particles, since a, d and the boundary conditions are fixed. Then, we investigate the behavior of
several systems in the so-called thermodynamic limit N !1, while the parameter d remains constant. Fig. 3
shows the existence of different asymptotic states for each choice of N. We observe that the increasing of the
number of particles N suggests a convergence process of the distributions towards a unique asymptotic non-
Gaussian state in the thermodynamic limit. Moreover, it is important to stress that our systems never develops
clusters or vortices, even though it is known that HCS is unstable under spatial and velocity fluctuations. For
this is important to maintain d constant and below a certain critical value in the limit process, since the mean
free path is the parameter that defines the stability thresholds [5].

On the other side, Fig. 4 shows that the influence of d is irrelevant in the thermodynamic limit, since the
distributions converge with increasing N to the same state. Besides, the convergence towards the limit state is
relatively fast. Nevertheless, the study of cases using periodic boundaries does not lead to same straight
conclusions. In this case the influence of the parameter d in the splitting of states is still present even with
N ¼ 55; 296. This number is already very large when compared to the reflexive case. These differences between
the two different boundaries points to a problem in the use of periodic boundaries in simulations. They are
very sensitive to the choice of the mean free path of the system, even if the number of particles is large.
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Fig. 2. The asymptotic W ðzÞ function evolved from the above initial conditions: (a) for d ¼ 0:7 and d ¼ 1:0, with reflexive boundary

conditions; (b) for d ¼ 0:7 and d ¼ 1:0, with periodic boundary conditions. For the simulations N ¼ 256 and a ¼ 0:1.
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Fig. 3. The asymptotic W ðzÞ function for systems with three different number of particles (N ¼ 256; 1372 and 6912) evolved with reflexive

boundaries: (a) for d ¼ 0:7; (b) for d ¼ 1:0. For the simulations a ¼ 0:1.
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Fig. 4. The asymptotic W ðzÞ function for systems at two different density regimes (d ¼ 0:7 and 1.0) evolved with reflexive boundaries: (a)

for N ¼ 256; (b) for N ¼ 6912. For the simulations a ¼ 0:1.
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In summary, the use of the W function to deal with simulation data shows that different stationary
asymptotic distributions exist and are determined by four independent conditions: the number of particles, the
parameter d (related to the mean free path), the restitution coefficient and the implemented boundary
condition. The Lévy W function allows the splitting and the clear verification of the existence of these different
states. At the thermodynamic limit, we conjecture that the stationary distributions converge to a unique limit
state, which depends exclusively on the inelasticity parameter.
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