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Introduction

Polymer materials are present in everyday life, in seg-
ments such as packing, transport, and construction. Their
end-use properties depend heavily on the operating condi-
tions under which the polymer is synthesized. In industrial
practice, polymerization processes are usually operated
according to a predetermined recipe, which reflects available
chemical knowledge and the practical experience of the pro-
cess operators. Often, the processes are operated under sub-
optimal conditions due to the lack of a systematic method
for determining the best operating policies. Today, process
models as well as optimization tools are available and they
provide the foundation for a systematic process and product
quality improvement. As a result, there is considerable inter-
est within the polymer industry to develop optimal operating
policies that will result in the production of polymers with
desired molecular properties.

According to Kiparissides,1 there are two classes of opti-
mization problems for polymerization reactors: steady-state
optimization, which deals with the selection of the best (op-
timum) time invariant controls such that the molecular prop-
erties attain certain desired values; and dynamic optimization
(or optimal control), which refers to the determination of
optimal control trajectories to move a polymer reactor from
its initial to a desired final state. The former is usually
related to the steady-state operation of continuous polymer
reactors while the latter is concerned with the dynamic oper-
ation of batch and semibatch reactors as well as with start-
up, shut-down, and grade transition policies for continuous
polymerization processes. The focus of the present article is
the optimal steady-state operation of a complex reactor con-
figuration comprising a series of continuous tubular and
stirred tank reactors to meet a specified polymer at the low-
est production cost.

Polymer quality is usually specified in terms of end use
properties such as stiffness, melting temperature, and crystalli-
zation temperature. Some attempts have been made to correlate
such polymer end-use properties with lumped properties which
can easily be measured in a polymer production plant. A typi-
cal example is given by the melt index (MI).2,3 However,
rheological and processing properties might differ significantly
if the molecular weight distribution (MWD) is skewed and
shows high concentrations of high or low molecular weight
fractions. In particular, Ariawan et al.4 show that the rheologi-
cal properties of the polymer are affected by the complete
MWD. They conclude that the extensional and elastic proper-
ties are very much dependent on the distribution tail, referring
to molecules with large molecular weight. Consequently, sev-
eral authors developed correlations between polymer properties
and the whole MWD. For example, Hinchliffe et al.5 propose
a methodology to correlate the MI, the shear thinning ratio and
the dart impact with selected bins of the MWD. Furthermore,
Nele et al.6 successfully predict the MI from the entire MWD
using convolution of the MWD and a kernel function. More
recently, Zahedi et al.7 have used spline functions to correlate
flow properties of the polymer melt with the entire MWD.
Motivated by these findings, the full MWD is used in this
work as the target quality property to be met by optimal opera-
tion of the polymer production plant in steady state.

There have been many attempts to determine optimal
operating conditions of polymerization processes to produce

polymers with target average molecular weight and polydis-
persity. Most of the research considered the polymerization
of methyl methacrylate (MMA) in batch reactors.8–12 How-
ever, the first moments of the MWD and average properties
are in many cases insufficient to describe polymer end-use
properties satisfactorily.4 Despite the importance of predict-
ing the full MWD, as discussed previously, only few papers
report on determining optimal operating policies for polymer
production with a target MWD. Crowley and Choi13 obtain
optimal temperature trajectories to control the MWD of
MMA produced in a batch reactor, using the method of finite
molecular weight moments for capturing MWD.14 In another
contribution,15 the same authors determine optimal tempera-
ture and initiator concentration policies to target the tensile
strength of the polystyrene produced in a batch suspension
reactor. Sayer et al.16 compute the optimal monomer and
chain transfer feed profiles for MMA batch copolymerization
to produce a polymer with a specified copolymer composi-
tion and MWD. Kiparissides et al.17 propose a temperature
control scheme for free radical polymerization of MMA in a
batch reactor. An optimization step ensures the production of
a polymer with target properties which include not only the
average molecular weights but also the complete MWD.
More recently, Kiparissides and coworkers18 use an optimi-
zation model to determine the optimal temperature profile
that produces the target MWD of MMA in minimum batch
time. Vicente et al.19 target MWD, copolymer composition
and final monomer concentration in a semibatch emulsion
polymerization of MMA/n-butylacrylate and compare the
optimization results with experiments in a pilot plant. While
all the works discussed so far report on (semi)batch poly-
merization processes, Asteasuain et al.20 consider optimal
steady-state operation of a living polymerization of styrene
in a tubular reactor with a targeted MWD. In a second publi-
cation,21 these authors also explore the optimization model
to determine operating conditions resulting in a multimodal
MWD.

Brandolin and coworkers have addressed the computation
of optimal operating policies to achieve target product prop-
erties in continuous polyethylene production. This group
studied a continuous high pressure tubular reactor for the
production of low density polyethylene (LDPE). Brandolin
et al.22 derive optimal steady-state operating points (tempera-
ture and initiator concentration) to attain a specific number
average molecular weight, polydispersity and weight average
branch point number in the effluent product. Asteasuain
et al.23 studied start-up and shutdown strategies to maximize
outlet conversion, while satisfying the desired number aver-
age molecular weight and transition time. Cervantes et al.24

have extended the dynamic reactor model to the entire plant
to study optimal grade transitions for LDPE production. This
optimization criterion tries to minimize copolymer content in
the recycle stream as well as transition time. In these
articles, no attempt has been made to tailor the complete
MWD. In their latest work, however, Asteasuain and Bran-
dolin25 focus on the optimization of an LDPE tubular reactor
to maximize conversion while targeting the entire MWD
through constraints using a steady-state model. They predict
bimodal MWD when feeding monomer and chain
transfer agent at a fixed lateral injection point of the multi-
stage tubular reactor with counter-currently cooling. The
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optimization problem has been solved in gPROMS after a
spatial discretization of the differential-algebraic model to
handle the multi-point boundary conditions. More recently
Zavala and Biegler26 optimize the operation of a multi-zone
tubular reactor for the production of LDPE with target melt-
index and density for a sequence of decaying heat transfer
coefficients. They also employ a spatially discretized formu-
lation of the steady-state reactor model to obtain a large-
scale nonlinear programming problem. These authors do not
attempt to tailor the complete MWD of the resin.

Kiparissides’ group also studied the continuous production
of LDPE in tubular reactor for optimization and control pur-
poses.27,28 The gas phase and slurry ethylene continuous pol-
ymerizations were also object of studies approaching the
optimal control of grade transitions.29–32 Despite the signifi-
cant amount of work on optimization of polyethylene reac-
tor, to the authors’ knowledge, optimal operating policies for
a continuous solution polymerization in a complex reactor
configuration consisting of tubular and stirred tank reactors
has not yet been treated adequately in literature.

Our previous work33 has suggested a new formulation of
an optimization problem to find optimal steady-state operat-
ing conditions of a continuous multi-reactor polymerization
process that produces a tailored polymer with a targeted MI
and stress exponent (SE). In contrast to the work of other
research groups reviewed above, we have considered ethyl-
ene polymerization in solution using a Ziegler-Natta catalyst
in a complex configuration of continuous stirred tank
(CSTR) and plug flow reactors (PFR). The optimization
problem formulation relies on a steady-state multi-stage
model with the spatial coordinate as independent variable
which—together with product quality specifications—consti-
tute the constraints of an optimization problem with eco-
nomic objective. The multi-stage optimal control problem
reveals discontinuities with respect to the spatial coordinate
due to different types of reactors and lateral feed injections
points which are themselves decisions in the optimization.

This article presents an extension of our previous work fo-
cusing on the production of tailored linear polyethylene, the
quality of which is not only specified through lumped quality
properties such as MI and SE but through the complete
MWD. This detailed treatment of the quality specification is
of great industrial importance, because of the complex trade-
off between polymer properties—ultimately determined by

the MWD—and the economics of production. The polymer-
ization model is complex not only due to its multi-stage and
spatially distributed character but also due to the MWD used
to predict polymer quality. The original contribution of this
article is the efficient and accurate solution of this complex
optimization problem using a multi-stage optimal control
problem formulation in the spatial coordinate and single
shooting rather than spatial discretization for its solution.
The novel numerical approach proposed here overcomes
some problems reported in previous literature, even for prob-
lems of lower complexity. Furthermore, we show that poly-
ethylene products with very different MWD and average
polymer properties can be produced economically in the
same plant under different process configurations and at dif-
ferent operating points. Therefore, the second original contri-
bution of the article constitutes of a systematic methodology
to support product design engineers and plant operators to
develop and produce new resins or existing resins of
improved quality, which is specified by the complete MWD.

The article is structured as follows. First, the polymeriza-
tion process is described. Then, the mathematical models of
the process and the polymer properties as well as the method
for computing the MWD are presented. In the next section,
the optimization problem is formulated and the solution
method is discussed and compared with previously suggested
methods. Then, the results of several optimization runs are
discussed to illustrate the applicability, potential and effi-
ciency of the proposed modelling and solution procedure.
Finally, the article is concluded.

Process Description and Mathematical Model

The polymerization takes place in a series of PFR and
CSTR that can be arranged in different configurations to pro-
duce different linear polyethylene grades. Two possible con-
figurations are illustrated in Figure 1, the series (left) and the
parallel (right) configurations. In the series configuration, the
stirrer of the CSTR is switched off such that it operates as a
PFR with a large diameter resulting in some degree of back-
mixing due to axial dispersion. Hydrogen, the chain transfer
agent, can be injected not only together with the main feed
but also at several points along the first tubular reactor to
control the MWD. To allow for J mass injections points at
positions to be determined as part of the optimization, the

Figure 1. Typical reactor configuration: series (a) and parallel (b).
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first PFR is divided into J segments with PFR characteristics,
where the starting point of compartment j is located at the
lateral mass injection points. When operating the parallel
configuration, the main feed to the CSTR can be split so that
part of it feeds the top of the reactor in addition to the feed
at the bottom.

A detailed description of the process and the mathematical
model is beyond the scope of this article. The appendix
briefly summarizes the kinetic mechanism, the model equa-
tions and the polymer property models. For further details
on model development, we refer to Pontes et al.33 and
Embiruçu et al.34–39 Model parameters, including kinetic and
physical properties constants, have been validated with ex-
perimental data from an industrial polymerization process in
their work. MI and SE are used to infer the average molecu-
lar weight and the polydispersity, respectively.

In our previous work33 on optimal operating policies, only
average properties of the MWD have been considered,
requiring only the prediction of the first three moments to
describe product quality. In contrast, the present study
focuses on targeting the complete MWD to enable a more
detailed specification of the target polymer quality. There-
fore, equations for the dead polymer concentration are also
required. The mass balances for the dead polymer in the
CSTR and PFR are given by34,40

dUp;j

dzj
¼ Up;j

qj
� dqj
dzj

þ rUp
� A � qj

Wj
;

zj 2 ð0; lj�; j ¼ 1;…; J þ 1; p ¼ 2;…;1; ð1Þ
Wr�1 � Up;r�1

qr�1

þ FZr � Up;r

qFZr
þ Brþ1 � Up;rþ1

qrþ1

� Br þWrð Þ � Up;r

qr
þ Vr � rUp

¼ 0; r ¼ 1;…;R: ð2Þ

z is the axial coordinate, lj is the length of segment j, Wj, Bj, and
FZj are mass flow rates (kg/s), Up is the concentration of dead
polymer with length p (kmol/m3), rUp

is the reaction rate of dead
polymer with p monomer units (kmol/s �m3), A is the cross-
sectional area (m2), q is the density of the mixture (kg/m3), Vr is
the volume of an ideal CSTR segment (m3) and J and R are the
number of PFR and CSTR segments, respectively. The reaction
rate of the dead polymer is given by40

rUp
¼ P1 � fcp

kp �M þ 1

8
>>:

9
>>;

1�p

�fcp; p ¼ 2;…;1; (3)

fcp ¼ kfm þ ktmð Þ �M þ kfh � Hofh
2 þ kth � Hoth

2

þkfcc � CCofcc þ ktcc � CCotcc þ kf þ kt; ð4Þ
where Pp is the concentration of live polymer with length p.
M, H2, and CC are the monomer, hydrogen, and co-catalyst
concentrations, k is the reaction rate, the subscripts f and t refer
to transfer and termination reactions, the indices m, h, and CC
refer to monomer, hydrogen, and co-catalyst and the exponents
ofh, oth, ofcc, and otcc denote the order of transfer and
termination reactions with hydrogen and co-catalyst.

Since it is impossible to directly solve an infinite number
of mass balance equations for the dead polymer (Eqs. 1 and
2), one of the established methods has to be employed to ap-
proximate the complete MWD. Among others, these methods

include the generating function,41 the finite molecular weight
moments,13 the differentiation of the cumulative MWD40

and the orthogonal collocation method.16–17 In this work, or-
thogonal collocation42 in the setting of a discrete weighted-
residual method is used to compute an approximation of the
MWD.43–44 The method assumes that the concentration of
the dead polymer chains (Up) may be approximated by

Up � ~UðpÞ ¼
XN

k¼1

bk � /kðpÞ; (5)

on the chain-length domain P, i.e., comprising a finite number
of chain lengths p ¼ 2,…,P, where fk is a known set of N
linearly independent polynomial functions. The coefficients bk
have to be determined to find the best approximation. If fk is a
Lagrange polynomial, the coefficients bk turn out to be the
values of the function Ũ(p) at the collocation points pk, k ¼
1,…,N. While the size of the original problem scales with the
number of elements in the domain P, the reduced model scales
with N. Therefore, Eqs. 1 and 2 have to be solved at N
collocation points to result in

dU
�ðpk; zÞj
dzj

¼
~Uðpk; zÞj

qj
� dqj
dzj

þ P1 � wþ 1ð Þ1�pk �fcP �
A � qj
Wj

; k ¼ 1;…;N; ð6Þ

Wr�1 � ~UðpkÞr�1

qr�1

þ FZr � ~UðpkÞr
qr

þ Brþ1 � ~UðpkÞrþ1

qrþ1

� Br þWrð Þ � ~UðpkÞr
qr

þ Vr � P1 � wþ 1ð Þ1�pk �fcP: ð7Þ

The approximate MWD at the collocation point pk can then
be obtained from17,20,45

wdk ¼ pk � ~UðpkÞ; k ¼ 1;…;N; (8)

where wdk is the concentration of monomer incorporated to the
polymer with chain length pk.

The total chain length domain P is selected as 40,000 mono-
mer units for convenience.46 This finite domain is divided into
dim finite elements based on a uniform logarithmic grid.40 The
collocation points are then calculated within each interval based
on Hahn polynomials of order nh.17 Different combinations of
dim and nh were tested to evaluate the approximation quality.
The best set of parameters has been determined as dim ¼ 10 and
nh ¼ 2 to result in N ¼ 21 collocation points. A higher number
of points yields almost the same MWD, as shown in Figure 2,
but at higher computational effort, while a lower number does
not provide results at the desired level of accuracy.

In addition to the MWD, the moments of the distribution
are computed to calculate the average molecular weights and
the polydispersity. Therefore, equations for the dead polymer
moments of order zero, one, and two (k0, k1, k2) have been
added to the mass balance model.

In an industrial setting, PE grade specifications are gener-
ally quoted in terms of MWD, MI, density, and some mea-
sure of MWD broadness, rather than average molecular
weight and comonomer content. Hence, relationships
between MI and average molecular weight and between SE
and polydispersity have been incorporated into the models.
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The MI measures the weight average molecular weight with
an inverse relationship, that is, a higher MI corresponds to a
lower molecular weight. On the other hand, the SE is a mea-
sure for MWD broadness, e.g., a higher SE refers to a
broader MWD and hence a higher polydispersity.

Optimization Problem Formulation

The objective of optimization is supposed to reflect some eco-
nomic criterion. In batch polymerization, often batch time is
minimized or monomer conversion is maximized while con-
straining the target average molecular weights and polydisper-
sity.8,9 Another very common approach relies on an objective
function which combines a number of performance measures
with appropriate weighting factors chosen a priori.10,11 However,
the choice of weightings is not always easy because it lacks a
transparent conflict resolution. Alternatively, the weighted sum
of squares of the deviation of desired monomer conversion and
polymer properties from their specified values has been mini-
mized.12,16,17 None of these contributions attempted to target the
economical performance of the process directly.

Only a few authors employed a truly economic objective in
the optimization, accounting for reactant cost or revenue for
example. O’Driscoll and Ponnuswamy,47 Oliveira et al.,48 and
Tieu et al.49 consider the initiator cost together with the batch
time in a multiobjective optimization with constraints on poly-
dispersity, number average molecular weight and copolymer
composition (when it applies). Zavala and Biegler26 show that
adding polymer production to the objective function improves
the economic performance of the process.

When the optimization objective only refers to polymer
properties, economically sub-optimal operating conditions
may be found, since often several operating conditions yield
resins with similar properties. Furthermore, though maximum
conversion or minimum batch time are somehow related to
profit, they do not ensure optimal economic operation.
Therefore, in the present approach we maximize an eco-
nomic profit function given by

U ¼ a �WPE � ðbM �WM þ bH �WH

þ bCAT �WCAT þ bCC �WCC þ bS �WSÞ; ð9Þ

where a is the polyethylene sales price (€/kg), bj represents the
cost (€/kg) of raw material j, Wj is a mass flow rate (kg/s) and
the subscripts PE, M, H, CAT, CC, and S denote polyethylene,
monomer, hydrogen, catalyst, co-catalyst, and solvent, respec-
tively. In industrial practice, the market might demand certain
amounts of polymer which can be achieved by constraining the
polymer production rate in the optimization problem. Max-
imization of an economic profit function, constrained to
market demand, leads to optimal conditions with higher profit
than in industrial practice.33 Therefore, better process
performance may be achieved if profit is used as the
optimization criterion, instead of using polymer production,
conversion or polymer properties in the objective function.

The decision variables for the series and the parallel pro-
cess configurations (s: series; p: parallel), determined by a
design of experiment approach,50 are

us ¼ MT H2;0;T CATT Tin;T H2;1;T z1;T Wt;T Pin;T½ �;
(10)

up ¼ MC H2;0;C CATC Ws;C Wt;C Pin;C us½ �; (11)

where M, H2,0, and CAT are monomer, hydrogen, and catalyst
inlet concentrations, respectively, Tin is the inlet temperature,
Wt the total mass flow rate, Pin the inlet pressure, Ws the side
feed to the CSTR, z1 the lateral hydrogen injection point, H2,1

is the concentration at that point and subscripts C and T refer
to CSTR and PFRa, respectively. The number of lateral
injection points is (pragmatically) fixed to one a priori, such
that no discrete variables have to be considered in the
optimization. The total length of PFRa is held constant.33

The desired polymer properties are specified by equality
and inequality constraints at the outlet of the last reactor in
the sequence. The target MWD may be specified by defining
n bounds for wdi, i ¼ 1,…,n, n � N. The vector of quality
constraints at the outlet of PFRb is

h ¼ MI SE wd½ �: (12)

The detailed formulation of the optimization problem is
given in our previous work33 and is not repeated here. The
stationary mathematical model of the CSTR consists only of
algebraic equations, whereas the PFR model is represented by

Figure 2. Comparison between different sets of nh and dim.
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a differential-algebraic system with the axial coordinate z as
independent variable. A multi-stage model with discontinuities
along the spatial coordinates results due to the transitions from
one reactor to the other and due to lateral hydrogen injection
along the flow path in the PFRa (Figure 1). This multi-stage
model is solved by integrating along the axial coordinate z.
Every PFR model is associated with a finite length spatial
interval while the CSTR models are associated with a spatial
interval with zero length as no differential equations are
involved. Hence, the CSTR model becomes part of the stage
transition (or the initial) conditions. More precisely, the CSTR
model enters the initial conditions of PFRb for both
configurations (Figure 1).

The multi-stage optimization problem for the series con-
figuration (Figure 1a) reads as

max
uk

U (13)

s:t

_xk ¼ fkðxk; yk;uk;p; zÞ; z 2 ½zk�1; zk�; k ¼ 1; ::; J; J þ 2;

(13a)

0 ¼ gkðxk; yk;uk; p; zÞ; z 2 ½zk�1; zk�; k ¼ 1;…; J; J þ 2;

(13b)

0 ¼ x1ðz0Þ � x0; (13c)

Jkð _xk; xk; yk;uk; _xk�1; xk�1; yk�1; uk�1; p; zÞ¼0; k¼2;…; Jþ2;

(13d)

uLB � uk � uUB; (13e)

hLB � h � hUB; z ¼ zf ; (13f)

where x and ẋ are differential state variables and their
derivates with respect to the spatial coordinate z, y the
algebraic state variables, u the decision variables, and p the
invariant parameters. Equation 13c defines the initial condi-
tions of the first stage, i.e. the first segment of PFRa. For the
following PFR segments k ¼ 2,…,J and k ¼ J þ 2 the initial
conditions are determined by the stage transition conditions
(13d). The steady-state model of the CSTR relies only on one
compartment and thus does not comprise any differential
equations such that the CSTR model equations can be
incorporated into the mapping conditions (13d) for k ¼ J þ
1. Here, the partial vectors uk are formed by appropriate
subsets of us (cf., Eq. 10). h are the constraints at the reactor
outlet (cf., Eq. 12).

In the parallel configuration (Figure 1b), if one lateral
hydrogen injection point is used, the resulting two segments
of PFRa define two stages which are represented by nT ¼
{1,2}. Note that any other number of injection points can be
accommodated easily. These stages run in parallel with two
other stages denoted by nC ¼ {1,2}, i.e., the CSTR and the
PFRb. The mixer constitutes an additional stage nM ¼ {3}
which consists only of algebraic equations. The multi-stage
optimal control problem for the parallel configuration is
therefore mathematically formulated as:

max
u1

U (14)

s:t:

_xk ¼ fkðxk; yk;uk;p; zÞ; z 2 ½zk�1; zk�; k 2 nT _ nCn 1f g;
(14a)

0 ¼ gkðxk; yk;uk;p; zÞ; z 2 ½zk�1; zk�; k 2 nT _ nCn 1f g; (14b)

0 ¼ x1ðz0Þ � x0; (14c)

Jkð _xk; xk; yk; uk; _xk�1; xk�1; yk�1;uk�1; p; zÞ ¼ 0;

k 2 nT _ nC _ nM; ð14dÞ
uLB � uk � uUB; (14e)

hLB � h � hUB; z ¼ zf ; (14f)

where uk are appropriate subsets of up in Eq. 11 and Jk is the
set of algebraic equations that maps the outlet conditions of
stage k-1 to the initial conditions of stage k. Particularly when
k [ nCn{2} or k ¼ 3, Jk is the set of algebraic equations for the
CSTR and the mixer. Further details on the formulation of the
optimization problem can be found elsewhere.33

When computing the complete MWD, a more complex
optimization model has to be solved due to the larger num-
ber of differential equations and mapping conditions that
arise from the mass balances. If N is the number of colloca-
tion points, N differential equations such as (6) have to be
solved additionally for each PFR segment, hence (J þ 1) � N
equations in total. The CSTR model adds in turn N algebraic
equations such as (7). The same holds true for the mixer
model used in the parallel configuration. Furthermore, for
each stage transition additional N mapping conditions (Eqs.
13d and 14d) have to be satisfied. In addition to these differ-
ential-algebraic constraints, end-point inequality constraints
are formulated to target the desired polymer properties at the
reactor outlet. The solution of the multi-stage optimization
problem requires a robust and efficient algorithm if the
model predicts the complete MWD.

One possibility to specify a desired MWD is to define the
polymer distribution wdk, k ¼ 1,…,N at every degree of po-
lymerization represented by a collocation point. This would
result in N additional constraint (Eqs. 13f and 14f) at the re-
actor outlet. Our results show however, that the desired
MWD can be satisfactorily predicted and hence specified
using, for example, only four collocation points. A more
accurate specification prediction can be achieved if the dis-
tribution’s average and dispersion are additionally set. We
will show below how different constraint sets can be used to
specify tails at higher chain lengths and even bimodal distri-
butions.

The numerical solution of the optimization problem is car-
ried out with DyOS, a dynamic optimization software devel-
oped and maintained at AVT—Process Systems Engineering,
RWTH Aachen University (Germany).51–53

This dynamic optimization software allows for a robust
multi-stage formulation and solution. The multi-stage formu-
lation, through its stage transitions, allows the lateral injec-
tion points to be modeled as true impulses. Instead of spa-
tially discretizing the differential-algebraic equations on a
fixed grid,25–26 the approach proposed here consists on inte-
grating a dynamic model whose independent variable is the
spatial coordinate, as mentioned previously. Each stage is
then integrated along a finite length spatial interval so that
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the stage lengths can be treated as degrees of freedom allow-
ing for an optimal choice of the location of the injection
points. In contrast to this late discretization approach, where
the solution of the spatial differential-algebraic reactor model
is embedded in the optimization problem, Asteasuain and
Brandolin25 optimize the steady-state operation of a tubular
reactor by means of an early discretization approach. Their
method relies on spatial discretization of the tubular reactor
model resulting in a nonlinear programming problem with a
large number of nonlinear algebraic equality constraints,
which is solved by the optimization toolbox of gPROMS. To
represent a hydrogen injection, they add an extra source
term to the mass and energy balances valid on the discretiza-
tion interval starting at the injection point to approximate an
impulse function. The lateral injection point has to be set a
priori and cannot be considered as a degree of freedom.

The late multi-stage optimal control approach suggested
here has several advantages. First, it allows for a precise
consideration of the location of feed injection points which
constitutes an important factor influencing the polymer qual-
ity. Furthermore, the shooting approach facilitates an accu-
rate, error-controlled integration of the differential-algebraic
polymerization model. Hence, the suggested novel problem
formulation and solution algorithm outperforms previous
methods with respect to robustness, solution accuracy and
computational efficiency. In particular, Asteasuain and Bran-
dolin25 report that the solution of their optimization problem
on a Pentium IV processor running at 3 GHz and using 1
GB RAM requires between 2 to 5 h of CPU time while our
method solves a typical optimization problem, including the
decision on lateral injection points as part of the optimiza-
tion, in only 4 to 20 min on a comparable hardware, i.e., on
an Intel Xeon running at 2.66 GHz and using 12 GB RAM.

Another early discretization approach has been recently pro-
posed by Zavala and Biegler,26 when targeting LDPE proper-
ties (MI and density) in tubular reactors while maintaining
peak temperatures within protection zones. No attempt has
been made to either target the whole MWD or to optimize the
reactor length and lateral injection points. Their full discretiza-
tion formulation is able to handle multi-point boundary condi-
tions. Their steady-state reactor model contains about 130 or-
dinary differential equations and 500 algebraic equations. The
optimization model, after full-discretization, covers around
13,000 constraints and 71 degrees of freedom.

Table 1 summarizes the computational effort for solving the
optimization problems described in the next section for the se-
ries and parallel reactor configurations. The series configura-
tion comprises four stages, eight decision variables (Eq. 10),
131 differential variables, 3369 algebraic variables, and 33
transition conditions between two adjacent stages. The parallel
configuration consists of three stages, 14 decision variables

(Eq. 11), 165 differential variables, 3513 algebraic variables,
and 66 transition conditions between two adjacent stages.

Results and Discussion

Some optimizations runs are presented in this section to
illustrate the implementation and the potential of the pro-
posed approach for an industrial high density polyethylene
reactor. For reasons of confidentiality, all data shown in the
figures and tables have been normalized between 0 and 1.
Examples 1 and 2 correspond to the series configuration (cf.
Figure 1a), whereas Examples 3 and 4 refer to the parallel
configuration (cf. Figure 1b).

Usually, in industrial practice the end-use properties are
specified by the customer. A MWD complying with these
specifications is obtained from laboratory tests (or from
product/process knowledge). Some efforts have been made
to develop models correlating end-use properties with the
MWD.2–7 If such models are incorporated in the process
model, the end-use properties could be directly targeted by
the optimization model. In the following case study, the tar-
get MWD is specified point-wise at selected molecular
weights within a given tolerance (d).

Figure 3 depicts the optimization procedure employed.
The feasibility test refers to a least-squares optimization
whose objective function is given by:

U ¼
XN

k¼1

wdk � wdok
� �

; (15)

where wdok is the target concentration of monomer incorporated
to the polymer with chain length pk. Furthermore, when solving
optimization problems (13) and (14) at this first stage, the MWD
is unconstrained to check which operating conditions allow to
reach the target MWD closely. The feasibility of the optimal
MWD is then evaluated at every collocation point. If all MWD
samples lie within specification, the problem is feasible and
economical optimization can be carried out to determine the best
operating conditions. For the economical optimization, though,
it is not necessary to constraint the MWD at all collocation
points to reduce the complexity of the optimization problem as
discussed above. However, if the MWD at some collocation
point pk violates the specification tolerance, a new optimization
should be carried out with an additional constraint on wdk at pk
to reach a feasible solution.

Alternatively, economical optimization could be per-
formed without the proposed hierarchical approach depicted
in Figure 3. If the polymerization system is unable to pro-
duce the target MWD, then the optimization will warn that a
nonfeasible solution was found. However, the hierarchical
approach proposed here allows for identifying how near to

Table 1. Computational Efficiency*

Series Configuration Parallel Configuration

1a 1b 1c 2a 2b 2c 3a 3b 3c 3d 4a 4b 4c

Inequality constraints 8 12 16 6 8 8 4 4 4 4 8 4 6
NLP iterations 190 130 178 157 139 159 318 318 477 255 292 438 409
CPU time (min) 16 4 4 21 4 5 20 30 121 21 29 39 14

*Intel Xeon, 2.66 GHz, and 12 GB RAM.
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the target MWD the process can operate. That makes the
optimization strategy more robust and efficient.

Series configuration—Example 1

Figure 4 shows the MWD and average properties (MI and
SE) of the polymer resin ‘‘Grade X,’’ which should be
designed within the tolerance wdok � dk � wdk � wdok þ dk,

k ¼ 1,…, N, dk ¼ 0.01. Its MWD presents a tail at longer
chains which is desirable for some end-use polymer proper-
ties. Attempting to target ‘‘Grade X’’ in Example 1, three

Figure 4. Target MWD for Example 1, ‘‘Grade X.’’

Table 2. Optimal Operating Conditions and Output
Variables for Example 1

Type Name (1a) (1b) (1c)

Design variable CAT 0.889 0.784 0.778
M 0.748 0.732 0.711
H2,0 0.017 0.017 0.017
Tin 0.732 0.797 0.861
Pin 1.000 1.000 1.000
Wt 0.400 0.431 0.540
H1 0.183 0.413 0.466
z1 0.597 0.929 0.912

Index variable MI 0.224 0.208 0.224
SE 0.750 0.740 0.750

Output variable Tout 1.000 1.000 1.000
Pout 0.500 0.500 0.500
Q 0.975 0.961 0.961
WPE 0.568 0.553 0.568
Revenue 0.641 0.632 0.641
Cost 0.536 0.531 0.545
Profit 0.105 0.101 0.096

CPU time* (min) 15.6 3.4 4.0

*Intel Xeon 2.66 GHz and 12 GB RAM.

Figure 3. Optimization procedure.
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optimization runs are carried out; namely (1a) constraining
MI and SE, (1b) constraining MWD and (1c) constraining
MI, SE, and MWD.

The optimal operating conditions as well as the correspond-
ing output variables are shown in Table 2 and the optimal
MWDs are illustrated in Figure 5. In optimization (1a), despite
MI and SE being the same as in the target polymer, a MWD
results which is different from the target. Specifying only aver-
age properties does often not lead to the desired MWD. Hence,
targeting of the complete MWD is necessary. To do so, it is
not necessary to impose constraints on all N collocation points
used to predict the MWD. According to our experience, if four
collocation points are constrained, i.e., wd4, wd7, wd10, wd15,
the optimal MWD agrees very well with the target MWD
(Figure 5 (1b)). However, the MI and SE at the optimum are
different from that of the target polymer (Table 2 (1b)). MI
and SE measure the MWD’s average and dispersion, respec-
tively. These correlations are very sensitive, in particular, the
MI correlation with respect to the average molecular weight.
Therefore, a small change in the average and dispersion of the
MWD results in a more pronounced change in MI and SE.
The disagreement of the average properties therefore indicates
that the optimal MWD is very similar, but not identical to the
target distribution. Depending on the accuracy desired for the
MWD and its average properties, constraints on wdk might be

tightened and additional constraints on the MWD or on the MI
and SE might be defined. In Example (1c), therefore, not only
wdk, but also MI and SE are constrained. The optimized results
are shown in Table 2 (1c), and the MWD is illustrated in
Figure 5 (1c). Finally, all the properties specified for the target
polymer are satisfactorily achieved.

Series configuration—Example 2

As mentioned before, the presence of tails at high molecu-
lar weights may be desirable for some polymer end-use
applications.4 To this end, Example 2 illustrates how to
design MWDs with a higher concentration of longer chains
with constrained average molecular weight denoted by MI.
This can be achieved by reducing the slope of the tangent tg
(pk) to the MWD at a specified chain length pk. The values
of tg (pk) are computed by

tgðpkÞ ¼ wdkþ1 � wdk
pkþ1 � pk

(16)

where wdk is given in Eq. 8 and pk is the chain length at
collocation point k. Therefore, tails can be obtained if tg (pk) is
added to the constraint vector h in Eq. 12.

Figure 5. Target vs. optimal MWDs—Example 1.
Figure 6. Optimal MWD of Example 2: 0.268 � MI �

0.273.

Figure 7. Profit (left) and inlet concentrations (right) vs. tg15 for 0.268 � MI � 0.273.
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If only MI is constrained by 0.268 � MI � 0.273, the
optimal MWD resembles a Gaussian distribution, as depicted
in Figure 6 (dotted line). Attempting to obtain the tails at
high molecular weights, two further optimizations are carried
out with the constraint: tg15 � 5 and tg15 � 2. The optimal
MWDs shown in Figure 6 present the desired tails at high
molecular weights. The lower the tangent to the curve, the
more pronounced the tail and therefore the higher the SE
(polydispersity).

The optimal operating policies for the three optima are illus-
trated in Figure 7. The tails on the MWD are associated with
higher catalyst inlet concentrations and consequently higher
polydispersity (SE). Higher catalyst inlet concentrations
enhance propagation reactions and thus increase temperature.
In the first section of the reactor, the higher temperature
increases the transfer reaction rates and then decreases the
polymer molecular weight. On the other hand, as the reaction
proceeds higher temperatures are reached, which lead to a
deactivation of the catalytic sites. With the smaller number of
active species in the final section of the reactor, the polymer
molecular weight tends to increase (lower MI). Such different
operating conditions yield a resin with higher SE.

Tradeoffs between catalyst (CAT), total flow rate (Wt) and
monomer inlet concentrations (M) lead to lower costs for

increasing tg (pk) (or lower SE) at nearly the same revenue,
thus resulting in higher profit. It is also interesting to observe
the lateral hydrogen injection point and its concentration
effects on the tangent to the MWD. If the location of the lat-
eral injection point is not an optimization degree of freedom,
a sub-optimal operating condition might result. For more
details about the phenomena taking place inside the reactor,
the reader is referred to Pontes et al.50

Parallel configuration—Example 3

Due to intrinsic characteristics of tubular and stirred tank
reactors, the former produces a polymer with high molecular
weight, whereas the latter yields a lower molecular weight
product. When both reactors are operated in series and the
stirrer of the CSTR is switched off, there is some degree of
mixing during polymer chain growth due to molecular diffu-
sion. Therefore, despite the different characteristics of both
reactors, the MWDs obtained are monomodal or at maxi-
mum present a tail at higher molecular weights. On the other
hand, if the PFR and the CSTR are operated in parallel and
if their products are mixed at the outlet, it might be possible
to obtain a bimodal MWD. Bimodal polymer grades are
highly specialized polymers which sell at higher prices than
the ones specified in the previous examples (Eq. 9).33

Example 3 studies how MWD evolves for different aver-
age molecular weights but for the same polydispersity.
Hence, a sequence of four optimizations is carried out with
the following specifications for MI:

ð3aÞ 0:071 � MI � 0:082;

ð3bÞ 0:059 � MI � 0:071;

ð3cÞ 0:047 � MI � 0:059;

ð3dÞ 0:035 � MI � 0:047;

(17)

and 0.340 � SE � 0.380 for SE in all cases above. The
resulting optimal MWDs are illustrated in Figure 8. They vary
from a monomodal to a typical bimodal MWD as MI decreases
or molecular weight increases. Operational conditions as well
as profit, polymer production rate (WPE) and ratio of polymer

Figure 8. Optimal MWDs—Example 3.

Figure 9. Inlet concentrations (left); profit, polymer production rate (WPE) and ratio of polymer produced in CSTR
(X)—Example 3.
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produced in CSTR (X) are shown in Figure 9. For each reactor,
all optimal flow rates are the same, but the CSTR operates
almost at its lower flow rate limit, unlike the tubular reactor.

It is interesting to observe the antagonist behavior of the
catalyst inlet concentration to each reactor in Figure 9. As
mentioned before, lower catalyst concentration leads to lon-
ger polymeric chains, i.e., with lower MI. The hydrogen inlet
concentration to PFRa is zero for all optimizations, also
enhancing the formation of longer chains. Therefore, we can
conclude that PFRa is responsible for the longer chains
whereas the CSTR contributes to the smaller chains. As the
ratio of polymer produced in the CSTR increases, the MWD
tends to a bimodal distribution as observed in Figure 8.

Parallel configuration—Example 4

Once knowing MWD (3d) in Figure 8, for example, it is
possible to target it by constraining the concentrations at
only three collocation points: at the two peaks and at the
minimum. On the other hand, if only the location of the two
peaks is of interest, a bimodal distribution with peaks around

chain lengths pk1 and pk2 may be obtained when the con-
straints are imposed in the optimization problem, i.e., wdki is
a maximum because the concentration at pki is hij units
greater than the concentration at j collocation points back
and j collocation points forward:

wdki � wdki�j > hij and wdki � wdkiþj > hij;

i ¼ 1; 2; j ¼ 1; 2;…; ð18Þ

The parameter hij can further determine the height of the
desired peak.

Figure 10 illustrates the optimal MWD for two different
locations of the lower peak: (4a) k1 ¼ 10, k2 ¼ 15 and j ¼
1; (4b) k1 ¼ 8, k2 ¼ 15 and j ¼ 1.

Table 3 gives the input conditions to each reactor as well
as the output from the mixer. The main difference between
operating conditions (4a) and (4b) is the higher monomer
and catalyst inlet concentrations to the CSTR, increasing
polymer conversion X in that reactor.

The optimal MWDs shown in Figure 10 have a more pro-
nounced higher molecular weight peak because operating
PFRa is more profitable than operating the CSTR. Another
constraint might be additionally considered if a more pro-
nounced lower molecular weight peak is desired. In this
case, we request

wdk1 � wdk2 > d; (19)

where d is the desired distance between the two peaks. To
illustrate this, example (4c) takes example (4b) as starting
point and adds constraint (19), with d ¼ 0.01. As the economic
objective leads to the lowest distance between the two peaks,
it is not necessary to define an equality constraint and Eq. 19
is sufficient to achieve the desired distance between both
peaks.

Figure 11 illustrates the optimal MWD for example (4c),
the respective operating conditions are given in Table 3. The
higher flow rate fed to the CSTR (Wt) increases the ratio of
polymer produced in this reactor, i.e., 4.2% for Example
(4c) vs. 1.3% for Example (4b). As mentioned before, stir-
ring in the CSTR yields a polymer with lower molecular

Figure 10. Optimal MWD for parallel configuration—
Example 4(a,b).

Table 3. Optimal Conditions for Parallel Configuration—
Example 4

(4a) (4b) (4c)

CSTR PFRa CSTR PFRa CSTR PFRa

CAT 0.907 0.517 0.879 0.518 0.962 0.518
M 0.235 0.717 0.125 0.718 0.179 0.708
H2,0 0.651 0.000 0.699 0.000 1.000 0.000
Wt 0.067 1.000 0.067 1.000 0.148 1.000
Ws/H2,1 0.667 0.000 0.009 0.000 0.009 0.000

Mixer output Mixer output Mixer output

MI 0.0600 0.0576 0.0647
SE 0.3300 0.3400 0.4200
WPE 0.5480 0.5375 0.5590
X 2.4300 1.3000 4.2000
Profit 0.1622 0.1593 0.1486

Solution time with an Intel Xeon 2.66 GHz and 12 GB RAM: (a) 20 min (b)
18 min.

Figure 11. Optimal MWD for parallel configuration—
Example 4(b,c).
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weight; therefore, a higher peak around pk1 ¼ 10 is observed
in Example (4c). It is also interesting to note that hydrogen
plays an important role when targeting a bimodal distribution
since the chain transfer agent is used to control the MWD.
No hydrogen is fed to the PFR, whereas the CSTR operates
with a very high concentration, ensuring different molecular
weights being produced in each reactor and then yielding the
desired bimodal distribution.

Conclusions

This article presents a multi-stage optimization model and a
shooting type solution method for determining optimal operating
policies for the production of polyethylene resins with target
quality specifications. It considers not only average properties
but also the complete MWD because some end-use properties
better correlate with the full distribution. The multi-reactor pro-
cess comprises continuous stirred and tubular reactors that are
modeled in steady state. The optimization problem encounters
equality constraints which are differential-algebraic equations in
the spatial coordinate such that a shooting method can be used
for numerical solution. A complex multi-stage optimization
problem is formulated and solved much more efficiently than by
alternative methods employed previously. The results illustrate
the need to design the whole MWD, as polymer resins with the
same average properties may show different distributions. Fur-
thermore, the shape of the distribution can be manipulated to
produce resins with a known MWD, with tails in the MWD at
higher degrees of polymerization or even to produce specialty
polymer with a bimodal MWD. The tradeoff between catalyst
and ethylene inlet concentrations has a great influence on the
final profit profile. In addition, catalyst inlet concentration as
well as hydrogen inlet concentration and its lateral injection
point are identified to be important variables to control the shape
of the MWD. The potential of the proposed approach also
becomes evident through the excellent agreement between the
target and the optimal MWD. Therefore, the optimization meth-
odology developed here allows for significant opportunities for
quality improvement and new product development while over-
coming the uncertainties and high costs usually associated with
industrial trial and error tests.
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Notation

A ¼ cross sectional area (m2)
a ¼ polyethylene sales price (€/kg)
b ¼ unitary costs (€/kg)
b ¼ coefficients
B ¼ recycle stream mass flow rate (kg/s)
C ¼ catalyst

C* ¼ activated catalyst
CC ¼ co-catalyst

CCD ¼ deactivated co-catalyst
CD ¼ deactivated catalyst
Ci ¼ component i concentration (kmol/m3)

Cp ¼ specific heat (J/kg K)
d ¼ distance between two peaks of the MWD

D0, DRor, DF ¼ constant coefficient
DHo

p ¼ enthalpy of reaction at the reference temperature (J/
kmol)

f ¼ vector of differential equations
F ¼ mass flow rate (kg/s)

FZ ¼ mass flow rate (kg/s)
g ¼ vector of algebraic equations
h ¼ vector of constraints at the outlet of PFR2

h ¼ height of MWD peak
H2,0 ¼ hydrogen concentration at main feed
H2,1 ¼ hydrogen concentration at lateral injection point

I ¼ poison
J ¼ number of PFR segments
J ¼ vector of mapping conditions
k ¼ stage number
kp ¼ rate constant for propagation
kfm ¼ rate constant for transfer with monomer
kfh ¼ rate constant for transfer with hydrogen

kfCC ¼ rate constant for transfer with co-catalyst
kf ¼ rate constant for spontaneous transfer

ktm ¼ rate constant for termination with monomer
kth ¼ rate constant for termination with hydrogen

ktCC ¼ rate constant for termination with co-catalyst
kt ¼ rate constant for spontaneous termination
l ¼ length of a PFR segment

lb ¼ vector of lower bounds
M ¼ monomer
MI ¼ polymer melt index
n ¼ number of constrained collocation points
N ¼ number of collocation points

dim ¼ number of intervals on the domain
nh ¼ order of Hahn polynomials
npt ¼ total number of collocation points
p ¼ vector of invariant parameters
p ¼ collocation point
P ¼ chain length domain
P ¼ live polymer

PD ¼ polydispersity;
Pin ¼ inlet pressure
Pout ¼ outlet pressure
X ¼ conversion
r ¼ reaction rate
R ¼ number of CSTR ideal compartments

Rot ¼ agitator rotation
SE ¼ polymer stress exponent
T ¼ temperature

Tin ¼ inlet temperature
Tout ¼ outlet temperature
tg ¼ tangent to the MWD
U ¼ dead polymer
u ¼ vector of decision variables

ub ¼ vector of upper bounds
W ¼ mass flow rate (Kg/s)
wd ¼ concentration of monomer incorporated into polymer

WPE ¼ polymer production rate
Ws ¼ side feed
Wt ¼ total mass flow rate
x ¼ vector of differential state variables
y ¼ vector of algebraic state variables
z ¼ axial coordinate
z1 ¼ lateral hydrogen injection point

Superscript

ofcc ¼ order of transfer with co-catalyst reaction
ofh ¼ order of transfer with hydrogen reaction
otcc ¼ order of termination with co-catalyst reaction
oth ¼ order of termination with hydrogen reaction

Subscript

j ¼ segment of PFR
k ¼ index of collocation point
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M ¼ monomer
p ¼ polymer chain length
r ¼ CSTR ideal zone
U ¼ dead polymer

Greek letters

a ¼ empirical constant
b ¼ empirical constant
f ¼ linearly independent functions
c ¼ empirical constant
kk ¼ dead polymer moment of order k
q ¼ medium specific mass (kg/m3)
d ¼ tolerance for MWD specification
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Appendix

This appendix summarizes the kinetic mechanism, the pro-
cess model and the polymer property models developed in
previous studies.32–39

The catalyst is a mixture of vanadium and titanium based
catalysts, activated by triethyl aluminum. The kinetic mecha-
nism is described in Table A1.
The reactor configuration comprises tubular and stirred

tank reactors modeled by the equations in Tables A2 and A3,
respectively. The first PFR is divided into J segments with
PFR characteristics, where the starting point of compartment j
is located at the lateral mass injection points (Fj). The nonideal
CSTR is represented by a sequence of R ideally mixed com-
partments in series with backmixing (B) between two adjacent
compartments to represent the mixing inside the reactor. The
side feeds to the CSTR are represented by FZr.
Some average polymer properties are related to the MWD

to be used in the optimization of product quality. Those
properties include the MI,

MI ¼ a1 � MWw

� ��b1 ; (A1)

and the SE,

SE ¼ 1

a2 þ c2 � exp �b2 � PDð Þ ; (A2)

where ai, bI, and ci are empirical constants determined by
Embiruçu et al.34

Table A1. Kinetic Mechanism of Ethylene Copolymerization
by Coordination

Reaction Rate

Activation
Cn þ CC ! C*

n kf0 ,n � [Cn]�[CC]
Poisoning by impurities
ICC þ CC ! CCD kICC0 � [ICC] � [CC]
IC* þ C�

n ! CDn kIC0 � [IC*] � [C�
n]

Initiation
C�
n þ M ! P1,n ki,n � [C�

n] � [M]

Propagation
Pi;n þM�!kp;n Piþ1;n kp,n � [Pi,n] 7middot; [M]

Spontaneous Deactivation
C�
n ! CD kd,n � [C�

n]

Transfer
Pi;n þM�!kfm;n P1;n þ Ui kfm,n�[Pi,n]�[M]
Pi;n þ H2 �!

kfh;n
C�
n þUi kfh,n�[Pi,n]�[H2]

Pi;n þ CC�!kfCC;n
C�
n þ Ui kfCC,n � [Pi,n]�[CC]

Pi;n �!
kf ;n

C�
n þ Ui kf,n � [Pi,n]

Termination
Pi;n þM�!ktm;n CDþ Ui ktm,n � [Pi,n] � [M]
Pi;n þ H2 �!

kth;n
CDþ Ui kth,n � [Pi,n] � [H2]

Pi;n þ CC�!ktCC;n CDþ Ui ktCC,n � [Pi,n] � [CC]
Pi;n �!

kt;n
CDþ Ui kt,n � [Pi,n]

Table A2. Mathematical Model of the PFR Compartments

Mass balance
Wj þ 1 ¼ Fj þ 1 þ Wj j ¼ 1,2,…, J � 1,

1
A � dWj

dzj ¼ 0 ) Wj ¼ constant;

dCi;j

dzj
¼ Ci;j

qj
� dqjdzj

þ ri;j � A�qjWj
; i ¼ 1;…; nc; zj 2 ð0; lj�;

Energy balance

Cpj � Wj

A � dTjdzj
¼ �rp;r � DHo

p þMWM � R
r

o

ðCpU � CpMÞdT
8
>>:

9
>>;;

Boundary conditions
Ci,j (zj ¼ 0) ¼ C0,i,j, qj(zj ¼ 0) ¼ q0,j, Tj(zj ¼ 0) ¼ T0,j.

Table A3. Mathematical Model of the Nonideal CSTR

Mass balance
Wr � 1 þ FZr þ Br þ 1 � Br � Wr ¼ 0 r ¼ 1,…R,

Wr�1 �Ci;r�1

qr�1
þ FZr �Ci;r

qFZr
þ Brþ1 �Ci;rþ1

qrþ1
� ðBrþWrÞ�Ci;r

qr
þ Vr � ri;r ¼ 0 i ¼ 1;…; nc;

B1 ¼ 0, BR þ 1 ¼ 0,WP ¼ W0

Energy balance

Pnin
i¼1 Wi �

Ri

r

CpidT ¼ �Vr � rp;r � DHo
p þMWM �R

r

0

ðCpU � CpMÞdT
8
>>>:

9
>>>;;

Backmixing model

Br ¼ k�qr�Vr

lr
� D0;r þ DRot;r � RotþDF;r � FZr �

Pnr
r¼1 FZr þW0

8
:

9
;�1

8
>:

9
>;
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The conversion and the polymer production rate are com-
puted from

X ¼ 100 � k1
CM þ k1

(A3)

and

WPE ¼ W

q
� k1 �MWM (A4)

respectively, where CM is the monomer concentration, k1 is
the first order dead polymer moment, W the total mass flow
rate, MWM is the monomer molecular weight and q the mix-
ture density.
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